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Abstract 

We analyze non-minimally coupled scalar field theories in metric (second-order) 
and Palatini (first-order) formalisms in a comparative fashion. After contrasting 
them in a general setup, we specialize to inflation and find that the two formalisms 
differ in their predictions for various cosmological parameters. The main reason is 
that dependencies on the non-minimal coupling parameter are different in the two 
formalisms. For successful inflation, the Palatini approach prefers a much larger 
value for the non-minimal coupling parameter than the Metric approach. Unlike 
the Metric formalism, in Palatini, the inflaton stays well below the Planck scale 
whereby providing a natural inflationary epoch. 



1 Introduction 

Scalar fields play a fundamental role in various physical phenomena ranging 
from electroweak symmetry breaking to cosmological inflation. Though no 
fundamental scalar has been observed to date, they are an indispensable part 
of the theoretical landscape: They can trigger breakdown of gauge symmetries 
to induce particle masses, they can facilitate inflation to explain shortcomings 
of standard cosmology, they can make up quintessence to explain amount of 
dark energy in the universe, and they can act as source of the non-baryonic 
dark matter in the universe. 

Given this rather widespread role of scalar fields at various energy scales, it 
is of physical relevance to examine their dynamics in geometries more general 
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than general relativity (based on Metric formulation or second-order formal- 
ism). Indeed, huge discrepancy between experimental and quantum-theoretic 
values of the dark energy, absence of any direct observation of dark matter par- 
ticles though a considerable amount is needed for cosmological concordance, 
and unknown nature of gravitational dynamics at small and large distances 
all motivate consideration of a more general geometrical arena than general 
relativity. Given that there is no unique way of generalization, one possibility, 
among many one can consider, is to exploit certain features of the affine spaces. 
The essential observation is that the affine connection and metric tensor are a 
priori independent geometrical variables, and if they are to exhibit any rela- 
tionship it must arise from dynamical equations a posteriori. This very setup, 
the so-called Palatini formulation or first-order formalism [1] , does not neces- 
sarily admit the Levi-Civita connection if the matter sector depends explicitly 
on the affine connection [2,3]. 

This work is devoted to a comparative analysis of the dynamics of non- 
minimally coupled scalar fields in Metric and Palatini formulations. It will 
be shown that the two formalisms generally yield different answers for both 
metric tensor and scalar fields provided that non-minimal coupling of the 
scalar field to curvature scalar does not vanish. The analysis will be targeting, 
for definiteness and concreteness, scalar field theories which can facilitate both 
electroweak symmetry breaking and inflation. 

In the next section we give a comparative discussion of Palatini and Metric 
formalisms in a general setting in which a scalar field interacts non-minimally 
with the spacetime curvature. In Sec. 3 we analyze inflation with non-minimally 
coupled scalar field, and contrast predictions of the two formalisms by com- 
puting various inflationary parameters. In Sec. 4 we conclude. 



2 Metric vs. Palatini Formulations: Generalities 

In this section, we give a brief discussion of the Metric and Palatini formula- 
tions in a comparative fashion within a general setup. 

An affine connection, whose components to be symbolized by T^g, governs 
parallel transport of tensor fields along a given curve in spacetime, and parallel 
transport around a closed curve, after one complete cycle, results in a finite 
mismatch if the spacetime is curved. This curving is uniquely determined by 
the Riemann tensor M£ v p (T) whose contraction M. a/3 (T) = ^ (r) gives the 
Ricci tensoQ 



The affine connection determines not only the curving but also the twirling of 
the spacetime. The latter is encoded in the torsion tensor [2,4], and it is discarded 
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The spacetime gets further structured by the notion of distance if it is en- 
dowed with a metric tensor representing clocks and rulers. The connection 
coefficients and metric tensor are fundamentally independent quantities. They 
exhibit no a priori known relationship, and if they are to have any it must 
derive from a additional constraint or geometrodynamics [1]. 

For explicating differences and similarities between the Metric and Palatini 
approaches it proves useful to focus on a generic action 

s = jd'x^g- j-iMVX- (H + c m r, «?)} (i) 

comprising gravitational (taken to have Einstein-Hilbert form) and material 
(parameterized by the Lagrangian C m (<p,F,g) involving the matter fields ip, 
metric tensor g a p, and possibly also the affine connection T^) sectors. The 
mass parameter M may or may not be identical to the fundamental scale of 
gravity M P1 = (8-kGn) 1 since C m (ip, F, g) can feed further contributions to 
Newton's constant. 

The Metric formulation refers to replacing r in (1) by T where 

K/3 = \g Xp ( d *9/3 P + dpg pa - d p g aP ) (2) 

is the Levi-Civita connection. Having this constraint, the metric tensor g a p 
and matter fields ip remain as the only independent dynamical variables, and 
extremization of the action (1) with respect to them yields the associated 
equations of motion. One notes, however, that the curvature tensor involves 
second derivatives of the metric tensor, and thus, cancellation of the asso- 
ciated surface terms requires enhancement of (1) by an extrinsic curvature 
contribution. 

The Palatini formulation refers to keeping the metric, the connection and 
matter fields as independent dynamical variables in (1). Therefore, the affine 
connection is not a predetermined quantity at all; it takes the form that dy- 
namics requires. Moreover, the action involves only the first derivatives of the 
connection, and hence, there arises no surface term to be cancelled by an 
extrinsic curvature contribution. 

An important feature of the Palatini formulation is that if C m (<p,T,g) is in- 
dependent of r^g then the equation of motion for the connection 

(V^9 a0 ) = (3) 
from the analysis here by considering a symmetric connection r^o = T^ a only. 
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uniquely returns T = T. Therefore, the Levi-Civita connection arises dynam- 
ically with no need to extrinsic curvature [1]. Nevertheless, this dynamical 
relaxation to the Metric formulation gets spoiled immediately if C m ((p,T,g) 
depends on the affine connection explicitly. Indeed, in this case variation 
of the matter action with respect to the connection gives additional contri- 
butions to (3) whereby causing T^p to deviate from T a/3 as a function of the 
matter fieldo. 

The matter sector consists of all kinds of fields whose interactions are encoded 
in C m (</?, r, g). In general, at least at the renormalizable level, Lagrangians 
of vector fields do not involve the connection (yet, see [3]). Fermion fields, 
however, do explicitly depend on V via the spin connection in their kinetic 
terms. Therefore, the equation of motion (3) gets generically modified by the 
fermion sector. However, if needed, these contributions can be compensated by 
modifying the fermion Lagrangian via contact terms quadratic in the torsion 
[2,4]. In this work, following this observation, fermion contributions to the 
affinity V will be discarded. Coming to scalar fields, like vector fields, they are 
also independent of the connection when minimally coupled. However, they 
develop a direct dependence on the connection, already at the renormalizable 
level, by direct coupling to the curvature scalar. Indeed, the Lagrangian of a 
scalar field 



£ m = \g^d,4>du4> - ^g^R^ (r) - V(<f>) (4) 

generically involves a nontrivial coupling to the curvature scalajjll via a di- 
mensionless parameter (. This coupling can take any real valud^~l. 

Given the non-minimally coupled scalar field in (4), the equation of motion of 
T in (3) changes to 



V^((M 2 + C0 2 )v^^)=O (5) 
with the solution 

2 The setup of (1) is actually not the most general one. Indeed, the Einstein-Hilbert 
term can be replaced by a more general structure containing a generic function of 
curvature invariants. In this case the deviation of T from T can be more involved; in 
particular, the equation of motion (3) generalizes to contain new structures involving 
derivatives of T itself. 

3 Except for Goldstone bosons, such a coupling generically exists for all scalar fields 
[5]- 

4 In the Metric formulation, for ^ = 1/6 the action for a scalar field gains local 
conformal invariance [6] . This property does not need to hold in the Palatini formu- 
lation where the curvature tensor is intact to transformations on the metric tensor. 
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= r Q/3 + 6%u(<j>) + 5 x p d a uj{4>) - g a pd x u{<l>) (6) 

where 



M 2 + Cd) 2 



with the normalization scale Mpi being chosen just for convenience 5 j It is this 
very difference of T from T that makes non-minimally coupled scalar fields 
behave differently in Metric and Palatini formulations. 

Another way of seeing differences in scalar field dynamics in Metric and Pala- 
tini approaches comes by changing the frame. Indeed, the action (1) with the 
scalar field Lagrangian (4) corresponds to the Jordan frame. However, though 
there is no obvious reason for preferring one over the other, it is possible to 
analyze the whole dynamics in the Einstein frame, too. To do this, it suffices 
to transform the metric as [7] 



g,u - e- 2 ^ 9iaf (8) 

after which the coefficient in front of g^M.^ (T) becomes |Mpj, as it would be 
for a minimally-coupled scalar field. This transformation gives rise to different 
dynamics for the scalar field in Palatini and Metric approaches since: 

• In the Palatini case R M; , (r) does not depend on the metric and therefore 
does not change under (8). In the Metric case, the action (1) contains 

(v^j and thus the metric from the scratch, and it does change with 

(8). 

• The kinetic term of the scalar field in the Palatini case only gets multi- 
plied by e - 2uj{<t>) under (8). In the Metric case, however, in addition to this 
rescaling there arises an additional contribution to the kinetic term from 
the transformation of (t^J itself. 

• In the Palatini case, since the coefficient in front of g^WL^ (V) is just Mp^/2 
the affinity T reduces to the Levi-Civita one (2). Consequently, the difference 
between the two formalisms lies in the matter sector wherein (8), together 
with (7), induces different dynamics in Metric and Palatini cases. 

Several features of the two formalisms mentioned above hold for a generic 
scalar field theory. Indeed, the scalar field might be the one that triggers one 
of those phase transitions in the history of the universe, might be the inflaton, 
might be quintessence or might be some other one needed for some specific 

5 This new scale must to be introduced here since Mp\ is the true fundamental 
scale of gravity in the Einstein frame. 
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purpose. What is important is that the space-time evolutions of the scalar 
field and the metric are different in the two approaches. 

In the next section we provide an explicit case study by analyzing early in- 
flation with a specific self-interaction potential V(<f>) that can, though not 
essential at all for the inflationary regime, also facilitate the electroweak sym- 
metry breaking in small <fi regime. 



3 Inflation: Metric vs. Palatini Formulations 



The idea of inflation has ever been the most viable framework for understand- 
ing several shortcomings of the standard big bang cosmology [8]. During the 
inflationary epoch the total energy density of the universe is dominated by 
that of the vacuum, and the scale factor of the universe grows exponentially 
a(t) ~ e Ht , H being the Hubble rate. If this exponential expansion contin- 
ues for a time interval St ~ N/H (N > 60) then a small causally connected 
patch gets magnified sufficiently to explain the observed flatness, isotropy, and 
homogeneity of the universe [8,9]. In spite of these observationally confirmed 
advantages, inflationary models suffer from problems associated with spoiling 
of the flatness (by quantum corrections) and super-Planckian values that the 
inflaton field takes [10,11] (for a recent discussion of the naturalness problem 
in inflationary models, see [12]). 

In what follows, we will study inflation in Metric and Palatini formulations 
in a comparative fashion, and confront them with each other as well as with 
the cosmological observations. Meanwhile, we will also discuss naturalness 
problems encountered in inflationary models [12] within these two formalisms. 
The procedure that will be outlined below is valid for any inflationary model 
with its defining inflaton potential V(<f>); however, for concreteness, we will 
consider a non-minimally coupled scalar field as in (4) such that its potential 
V{4>) oc (0 2 — v 2 ) 2 can facilitate both electroweak symmetry breaking at small 
and inflation at large <fi. In fact, in [13] (see also [14]) it was shown that one 
can indeed have a period of early inflation with the standard model Higgs 
sector alone by allowing for a non-minimal coupling between the Higgs field 
and the curvature scalar (see also [15] for earlier discussions of inflation with 
non-minimal coupling). The analysis below is rather generic and general yet 
various results will be presented in parallel to [13] so as to allow for quantitative 
comparison. 

The setup of the inflationary scenario we discuss is formed by the scalar field 
action (4) replaced in the general action (1) 
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M 2 + ((b 2 1 

PVX- (H + 2^<R</> - v(<p) + c r 



(9) 



where we have separated the rest of the fields plus their interactions with 
(Yukawa couplings, for instance) by packing them into £ m = £ m (0, <p, g). For 
the self-interaction potential we take 



V(<P) = ±\(<p 2 -v 2 ) 2 (10) 

which, by construction, facilitates spontaneous symmetry breaking at (0) = v , 
and grows like 4 at large 0. 

It is convenient to switch from Jordan frame to Einstein frame in which New- 
ton's constant has its usual meaning in general relativity. To do this we perform 
the transformation of metric in (8) where the function uo ((f)) is related to the 
scalar field via relation (7). This transformation procedure gives 



/ d 4 x^ 



M 



- ^V'V (r) 



=\ i 



+ e 



-4u>(4>) 



'ID 



in the Metric formalism. One notices that, transformation property of the 



Ricci tensor IR^ \TJ under (8) generates, through non-minimal coupling, an 
extra contribution to the kinetic term proportional to G( 2 <f) 2 . In the formalism 
of [13] it is this term that largely governs the inflationary expansion. 



In the Palatini formulation, on the other hand, the Ricci tensor is invariant 
under (8), and we find for the corresponding action 



Sp = J d 4 xv^ - ^V 1 ^ (r) + \e- 2 ^d^<t> 



+ e 



-V(<f)) + £ m U, V ,e- 2 ^g 



;i2) 



where we have directly used M.^ \TJ since r = T is automatic because T 
appears nowhere else (see the discussions leading to (2) in previous section). 
Note that varying first the action (9) with respect to T and subsequently 
switching to the Einstein frame via (8) leads to the same result. 
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A comparative glance at (11) and (12) immediately reveals the difference 
between the two formalisms: the kinetic term of the scalar field (now minimally 
coupled field). This difference influences the definition of the physical scalar 
field (to be denoted by tp hereon) which possesses a canonical kinetic term. 
Indeed, the physical field ip — ip(<f) follows from 



d^ _ 

M P1 



Je-M*) + GM^u'U)) 2 
d(p v 



M \ 1 + C0 2 /M 2 (1 + (<j) 2 /M 2 ) 



6C 2 2 /M 2 



in the Metric formalism. On the other hand, the physical field in the Palatini 
formalism derives from 



^ = v ^W = ^i 1 / I (14) 

which differs from (13) by the absence of the second term in radical sign (which 
is generated by the transformation of R^ u (r) under (8)). 

In what follows, we will admit large values of non-minimal coupling (£ ^> 1) 
but we will not identify M with Mpi from the scratch. We will consider both 
large and small values of ip to reveal the potential of the model for both 
inflation and electroweak symmetry breaking separately in the Metric and 
Palatini approaches. 

Electroweak regime. From (13) and (14) it is clear that 



ib ~ — — 6 (15) 

in the limit <p\/C, M. This result is valid for both Metric and Palatini 
approaches. In this case, the potential of ip takes the form 



VW ^ \\ (tf - ^ (16) 
from which its mass and VEV follow to be 



ml = 2A-^, W = - J2- . (17) 
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This setup can trigger the electroweak symmetry breaking once various mass 
scales are assigned the correct values. There are essentially two possibilities: (i) 
If the field <fi is the standard model Higgs field (in unitary gauge) then v ~ M^y, 
and thus, M ~ M P i for the minimally-coupled tp field to keep playing the role 
of Higgs field like <fi. (ii) If only the field ip, not 0, is relevant for electroweak 
symmetry breaking then all one has is the condition Mp\v/M ~ Mw- In this 
case one can take either (ii.a) v ~ Mw and M ~ Mpi or (ii.b) v ~ m v and 
M ~ M w . Both cases, with m u being a typical neutrino mass, lead to the 
same result that ip (not 0) triggers the electroweak symmetry breaking. The 
case ii.b) is particularly interesting as it allows M ~ M w <C M P1 . It is easy to 
see that after a suitable rescaling of the fermion fields the Yukawa couplings 
in C m ((p, ip, g) imply standard fermion masses of the order m^. 

Inflationary regime. The inflationary regime refers to large values of the fields. 
More quantitatively, it is achieved when (f>^/( M, and in this limit, the 
Metric formalism yields 



provided that ( ^> I. This setup agrees with cosmological observations for 



as has already been derived in [13]. 

We now focus on the Palatini formulation for an analysis of (12) for examining 
its predictions for the inflationary regime. First, one notes that, unlike (13), 
the condition (14) admits direct integration, and hence, 



exactly. The main difference from (18) is the appearance of ^/C i n the argu- 
ment of the hyperbolic function. Clearly, the inflationary regime ^ M 
corresponds to taking -0 3> Mpi/y^. Using (20) the self-interaction potential 
of ip can be computed exactly from (12). The large-field limit of the potential 




(18) 



M ~ M Ph ( ~ 4.9 x lO 4 ^ 



(19) 




(20) 




(21) 



is indeed flat, and its flatness and hence relevance for inflation can be quanti- 
fied via 
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^M^ = -32 C exp(-?M) (22) 

which are the slow-roll parameters [8,13] in the Palatini formulation. 

The duration of the inflationary period in units of H~ 1 (i.e. the number of 
e-folds) can be directly computed by using (21): 



Mh 4 nd V ^ ~ 32C 6XP v M P1 ) 

where the inflaton ip starts with ^ start and ends with ip end ~ M P1 ln(128£) / (4a/C) 
at which slow-roll regime is spoiled by e ~ 1. For V'start ^ V'cnd from (23) one 
obtains 32(N = exp(2-?/' start v / ^/Mpi). If we further identify Vstart with the 
field value at which the COBE scale enters the horizon when N ~ 62 then the 
corresponding normalization condition [9] 



Vstart 
lb — a 



(23) 



— ~ 2Mp t 1 AC~ 1 iV 2 ~ (0.027Mpi) 4 (24) 



leads to 



C~1.45xl0 10 A (25) 

from which it is clear that the required value of ( in the Palatini approach 
turns out to be approximately five orders of magnitude larger than that of the 
Metric approach in (19). 

At the beginning of the inflationary epoch, the slow-roll parameters at i[> — 
V'start for N = 62 e-folds read as 



e = — ^— ~ 2.2 x 10~ 15 A -1 , r] = -—~ -0.016 (26) 

which lead to a spectral index of n = 1 — 6e + 2rj ~ 0.97, and a tiny tensor 
to scalar perturbation ratio r = 16e ~ 10~ 14 . This very result can be used 
to readily falsify the Palatini approach in case a significant amount of tensor 
perturbations are observed. Note that higher-order corrections to n involve 
the parameters 
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4>VC > m 



Metric [13] 



Palatini 



^sinh^ 

y/l Af P1 

~ 1.45 x 10 10 A 

~ 2.2 x KT^A- 1 



c 

e 

jfetart 
Mpi 



M 

V'cnd 

Mpi 

'/'end 
M 



M 



6XP v^Mp, 

~ 4.91 x 10 4 \/A 
1F^2.0x 10- 4 
-i ~ -0.016 
^ In (47V/3) ~ 5.4 



4f ^4.1 x lO^A- 1 ^ 



In (4/3) ~ 0.18 



(g 4 ,) 1 ^ ~ 4.9 x io-3 A-V4 
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-jf ~ -0.016 

-^ r ln(32CA^) ~ 1.3 x lO^A" 1 / 2 
V8iV ~ 22 

^= In (128C) ~ 5.9 x 10~ 5 A" 1 / 2 
(f)V4 ~4.g x iQ-3 A-V4 



Table 1 

Main parameters of the inflationary epoch for N = 62 e-foldings in the Metric and 
Palatini formulations. 



Mi 



W" 1 3 _ 6 (l/QV^ 1 

PI ^2 - °" " Mpl 1/3 - j\T3 : 



(27) 



which are significantly smaller than 77. Therefore, they can be safely neglected 
in our analysis. 

For a precise confrontation of the Palatini approach with the Metric one, we 
find it useful to compare their predictions for various quantities in tabular 
form. We do this in Table 1 from which we extract a number of important 
features: 



The e parameter is (in) dependent of £ in the (Metric) Palatini approach. In 
Palatini, e oc and it gives rise to an extreme suppression of e compared 
to the one in the Metric formalism. One immediate implication of small e is 
that the tensor-to-scalar ratio of perturbations is approximately 11 orders 
of magnitude smaller in the Palatini approach than in the Metric approach. 
This is a testable signature with which one can discard the Palatini approach 
if a larger amount of tensor perturbations are found. 

The 77 parameter is the same (and much larger than e in size) for both 
formalisms; hence, the spectral index n exhibits almost no change with the 
formalism, and equals 0.968 (0.967) for the Palatini (Metric) case. Also the 
parameters £ 2 and a 3 in (27) have the same values in both formalisms. 
The Einstein frame inflaton if) (having canonical kinetic term) starts with 
5.4 M P1 (1.3 x 10- 4 M P1 ) and ends with 0.18 M P1 (5.9 x 10- 5 M P1 ) in the 
Metric (Palatini) formulation. The initial value of 5.4 Mp\ is a well known 
feature of inflationary models [10,11,12]. It is this super-Planckian value of 
ip that causes a serious naturalness problem in that all higher-dimensional 
(Planck-suppressed) operators become relevant operators. Contrary to this 
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obviously problematic aspect of the Metric formalism, one immediately ob- 
serves that the Palatini approach provides an inflationary epoch with if) 
staying well below the Planck scale. This sub-Planckian ^-inflaton arises as 
an important feature of the Palatini approach. Consequently, this approach 
provides a sensible model of inflation since the inflaton does obviously not 
escape into the stringy territory. 
• The Jordan frame inflaton <fi (having canonical kinetic term plus a direct 
coupling to curvature scalar) starts with 4.1 x 1CT 2 M (22 M) in the Metric 
(Palatini) approach, and ends with 4.9 x 1CT 3 M in both formalisms. In this 
case, the Palatini approach seems to require unacceptably large values; 
however, one notices that the scale M, as was discussed while analyzing 
electro weak symmetry breaking, does not need to be equal to Mpi, in fact, 
it could be as low as M w without causing any problem with particle masses. 
In this sense, the Palatini approach turns out to give a natural inflationary 
epoch for both and if) inflatons. 

These itemized features complete the comparative analysis of inflation in the 
Metric and Palatini approaches. 



4 Conclusion 

In this work we have performed a comparative analysis of the Metric and Pala- 
tini approaches to gravity. Considering non-minimally coupled scalar fields, we 
have discussed how these two formalisms differ from each other in a general 
setup in Sec. 2. In Sec. 3 we have applied findings of Sec. 2 to an inflationary 
setup whose fundamental scalar can trigger both electroweak symmetry break- 
ing and inflation. We have found that both approaches do have observable 
signatures of their own. A highly important feature is that Palatini approach 
provides a natural inflation since the inflaton in this formalism stays well be- 
low the Planckian regime. Other features, like strong suppression of tensor 
perturbations, form additional distinctive features of the Palatini approach 
compared to the Metric one. We thus conclude that a non-minimally coupled 
scalar field in the Palatini formulation gives a sensible inflationary evolution 
for the early universe. 
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